We develop two applications of the Kronecker's limit formula associated to elliptic Eisenstein series: A factorization theorem for holomorphic modular forms, and a proof of Weil's reciprocity law. Several examples of the general factorization results are computed, specifically for certain moonshine groups, congruence subgroups, and, more generally, non-compact subgroups with one cusp. In particular, we explicitly compute the Kronecker limit function associated to certain elliptic points for a few small level moonshine groups.
1 Introduction and statement of results
Non-holomorphic Eisenstein series.
Let Γ be a Fuchsian group of the first kind which acts on the hyperbolic space H by factional linear transformations, and let M = Γ\H be the finite volume quotient. One can view M as a finite volume hyperbolic Riemann surface, possibly with cusps and elliptic fixed points. In a slight abuse of notation, we will use M to denote both the Riemann surface as well as a (Ford) fundamental domain of Γ acting on H. The abelian subgroups of Γ are classified as three distinct types: Parabolic, hyperbolic and elliptic. Accordingly, there are three types of scalar-valued non-holomorphic Eisenstein series, whose definitions we now recall. Parabolic subgroups are characterized by having a unique fixed point P on the extended upperhalf plane H. The fixed point P is known as a cusp of M , and the associated parabolic subgroup is denoted by Γ P . The parabolic Eisenstein series E par P (z, s) associated to P is a defined for z ∈ M and s ∈ C with Re(s) > 1, by the series
where σ P is the scaling matrix for the cusp P , i.e. the element of PSL 2 (R) such that, when extending the action of σ P to H, we have that σ P ∞ = P . Hyperbolic subgroups have two fixed points on the extended upper-half plane H. Let us denote a hyperbolic subgroup by Γ γ for γ ∈ Γ, and let L γ signify the geodesic path in H connecting the two fixed points of hyperbolic element γ. Following Kudla and Millson from [KM79] , one defines a scalar-valued hyperbolic Eisenstein series for z ∈ M and s ∈ C with Re(s) > 1 by the series
where d hyp (ηz, L γ ) is the hyperbolic distance from the point ηz to L γ . Elliptic subgroups have finite order and have a unique fixed point within H. In fact, for any point w ∈ M , there is an elliptic subgroup Γ w which fixes w, where in all but a finite number of cases Γ w is the identity element. Elliptic Eisenstein series were defined in an unpublished manuscript from 2004 by Jorgenson and Kramer and were studied in depth in the 2010 dissertation [vP10] by von Pippich. Specifically, for z ∈ M , z = w, and s ∈ C with Re(s) > 1, the elliptic Eisenstein series is defined by E 
where d hyp (ηz, w) denotes the hyperbolic distance from ηz to w.
Known properties and relations
There are some fundamental differences between the three types of Eisenstein series defined above. Hyperbolic Eisenstein series are in L 2 (M ), whereas parabolic and elliptic series are not. Elliptic Eisenstein series are defined as a sum over a finite index subset of Γ, and indeed the series (2) can be extended to all Γ which would introduce a multiplicative factor equal to the order of Γ w . However, hyperbolic and parabolic series are necessarily formed by sums over infinite index subsets of Γ. Parabolic Eisenstein series are eigenfunctions of the hyperbolic Laplacian; however, elliptic and hyperbolic Eisenstein series satisfy a differential-difference equation which involves the value of the series at s + 2. Despite their differences, there are several intriguing ways in which the Eisenstein series interact. Since the hyperbolic Eisenstein series are in L 2 (M ), the expression (1) admits a spectral expansion which involves the parabolic Eisenstein series; see [JKvP10] and [KM79] . If one considers a degenerating sequence of Riemann surfaces obtained by pinching a geodesic, then the associated hyperbolic Eisenstein series converges to parabolic Eisenstein series on the limit surface; see [Fa07] and [GJM08] . If one studies a family of elliptically degenerating surfaces obtained by re-uniformizing at a point with increasing order, then the corresponding elliptic Eisenstein series converge to parabolic Eisenstein series on the limit surface; see [GvP09] . Finally, there are some basic similarities amongst the series. Each series admits a meromorphic continuation to all s ∈ C. The poles of the meromorphic continuations have been identified and are closely related, in all cases involving data associated to the continuous and non-cuspidal discrete spectrum of the hyperbolic Laplacian and, for hyperbolic and elliptic series, involving data associated to the cuspidal spectrum as well. Finally, and most importantly for this article, the hyperbolic and elliptic Eisenstein series are holomorphic at s = 0, and for all known instances, the parabolic Eisenstein series also is holomorphic at s = 0. In all these cases, the value of each Eisenstein series at s = 0 is a constant as a function of z. The coefficient of s in the Taylor series expansion about s = 0 shall be called the Kronecker limit function.
Kronecker limit functions
The classical Kronecker's limit formula is the following statement, which we quote from [Si80] . If we consider the case when Γ = PSL 2 (Z), then
where C = 6(1 − 12 ζ ′ (−1) − log(4π))/π, and with Dedekind's delta function ∆(z) given by
By employing the well-known functional equation for E par ∞ (z, s), Kronecker's limit formula can be reformulated as
For general Fuchsian groups of the first kind, Goldstein [Go73] studied analogue of Kronecker's limit formula associated to parabolic Eisenstein series. We will use the results from [Go73] throughout this article. The hyperbolic Eisenstein series in [KM79] are form-valued, and the series are defined by an infinite sum which converges for Re(s) > 0. The main result in [KM79] is that the the form-valued hyperbolic Eisenstein series is holomorphic at s = 0, and the value is equal to the harmonic form that is the Poincaré dual to the one-cycle in the homology group H 1 (M, R) corresponding to the hyperbolic geodesic γ fixed by Γ γ . The analogue of Kronecker's limit formula for elliptic Eisenstein series was first proved in [vP10] and [vP15] . Specifically, it is shown that at s = 0, the series (2) admits the Laurent expansion
where p k , k = 1, . . . , p Γ , are cusps of M , c = 2π/ Vol hyp (M ), and H Γ (z, w) is a holomorphic automorphic function with respect to Γ and which vanishes only when z = ηw for some η ∈ Γ. Two explicit computations are given in [vP10] and [vP15] for Γ = PSL 2 (Z) when considering the elliptic Eisenstein series E ell w (z, s) associated to the points w = i and w = ρ = (1 + i √ 3)/2. In these cases, the elliptic Kronecker limit function H Γ (z, w) at points w = i and w = ρ is such that
and
The Kronecker limit formula for elliptic Eisenstein series became the asymptotic formulas
where E 4 and E 6 are classical holomorphic Eisenstein series on PSL 2 (Z) of weight four and six, respectively. Before continuing, let us state what we believe to be an interesting side comment. The Kronecker limit function associated to elliptic Eisenstein series is naturally defined as the coefficient of s in the Laurent expansion of the elliptic Eisenstein series near s = 0. As we show below, one can realize the Kronecker limit function for parabolic Eisenstein series for groups with one cusp as the coefficient of s in the Laurent expansion of the parabolic Eisenstein series at s = 0. One has yet to study the Laurent expansion near s = 0, in particular the coefficient of s, for the scalar-valued hyperbolic Eisenstein series; for that matter, we have not fully understood the analoguous question for the vector of parabolic Eisenstein series for general groups. We expect that one can develop systematic theory by focusing on coefficients of s in all cases.
Important comment and assumption
At this time, we do not have a complete understanding of the behavior of the parabolic Eisenstein series E par P (z, s) near s = 0. If the group has one cusp, the functional equation of the Eisenstein series shows that E par P (z, 0) = 1. In notation to be set below, its scattering determinant is zero at s = 0. However, this is not true when there is more than one cusp. For example, on page 536 of [He83] , the author computes the scattering matrix for Γ 0 (N ) for square-free N , from which it is clear that Φ(s) is holomorphic but not zero at s = 0. Specifically, it remains to determine if the parabolic Eisenstein series is holomorphic at s = 0, which is a question we were unable to answer in complete generality.
Throughout this article, we assume that E par P (z, s) is holomorphic at s = 0.
The assumption is true in all the instances where specific examples are developed.
Main results
The purpose of the present paper is to further study the Kronecker limit function associated to elliptic Eisenstein series. We develop two applications. To begin, we examine the relation (3) and study the contribution near s = 0 of the term involving the parabolic Eisenstein series. As with the parabolic Eisenstein series, the resulting expression is particularly simple in the case when the group Γ has one cusp. However, in all cases, we obtain an asymptotic formula for E ell w (z, s) near s = 0 which allows us to prove asymptotic bounds for the elliptic Kronecker limit function in any parabolic cusp associated to Γ. As a consequence, we are able to prove the main result of this article, namely a factorization theorem which expresses holomorphic forms on M of arbitrary weight as products of the elliptic Kronecker limit functions. The product formulas are developed in detail in the case of so-called moonshine groups, which are discrete groups obtained by adding the Fricke involutions to the congruence subgroups Γ 0 (N ). As an application of the factorization theorem, we establish further examples of relations similar to (4), (5), (6) and (7). For example, the moonshine group Γ = Γ 0 (2) + = Γ 0 (2) + /{±Id} has e 2 = 1/2 + i/2 as a fixed point of order four. In section 6.2, we prove that the elliptic Kronecker limit function H 2 (z, e 2 ) associated to the point e 2 is such that
, where E (2) 4 (z) is the weight four holomorphic Eisenstein series associated to Γ 0 (2) + and
In this case, the Kronecker limit formula for the elliptic Eisenstein series E ell e2 (z, s) reads as
or, equivalently, as
The factorization theorem allows one to formulate numerous of examples of this type, of which we develop a few for certain moonshine and congruence subgroups. Second, we use the elliptic Kronecker limit formula to give a new proof of Weil's reciprocity formula. A number of authors have obtained generalizations of Weil's reciprocity law; see, for example, the elegant presentation in [Kh08] which discusses various reciprocity laws over C as well as Deligne's article [De91] where the author re-interprets Tate's local symbol and obtains a number of generalizations and applications. It would be interesting to study the possible connection between the functional analytic method of the present and companion article [JvPS14] with the algebraic ideas in [De91] and results surveyed in [Kh08] . An outline of this article is as follows. In section 2 we establish notation and cite various results from the literature. In section 3, we reformulate Kronecker's limit formula for parabolic Eisenstein series as an asymptotic statement near s = 0. From the results in section 3, we then prove, in section 4, the asymptotic behavior in the cusps of the elliptic Kronecker limit function. Specific examples are given for moonshine groups Γ 0 (N ) + with square-free level N and congruence subgroups Γ 0 (p) with prime level p. In section 5 we prove the factorization theorem which states, in somewhat vague terms, that any holomorphic form on M can be written as a product of elliptic Kronecker limit functions, up to a multiplicative constant. In addition, from the asymptotic formula from section 4, one is able to obtain specific information associated to the multiplicative constant in the aforementioned description of the factorization theorem. In section 6 we give examples of the factorization theorem for holomorphic Eisenstein series for the modular group, for moonshine groups of levels 2 and 5, for general moonshine groups, and for congruence subgroups Γ 0 (p) of prime level. Finally, in section 7, we present our proof of Weil's reciprocity using the elliptic Kronecker limit functions and state a few concluding remarks.
2 Background material
Basic notation
Let Γ ⊆ PSL 2 (R) denote a Fuchsian group of the first kind acting by fractional linear transformations on the hyperbolic upper half-plane H := {z = x + iy ∈ C | x, y ∈ R; y > 0}. We let M := Γ\H, which is a finite volume hyperbolic Riemann surface, and denote by p : H −→ M the natural projection. We assume that M has e Γ elliptic fixed points and p Γ cusps. We identify M locally with its universal cover H. We let µ hyp denote the hyperbolic metric on M , which is compatible with the complex structure of M , and has constant negative curvature equal to minus one. The hyperbolic line element ds 2 hyp , resp. the hyperbolic Laplacian ∆ hyp , are given as
By d hyp (z, w) we denote the hyperbolic distance from z ∈ H to w ∈ H.
Moonshine groups
Let N = p 1 · · · p r be a square-free, non-negative integer. The subset of SL 2 (R), defined by
is an arithmetic subgroup of SL 2 (R). We use the terminology "moonshine group" of level N to describe Γ 0 (N ) + because of the important role these groups play in "monstrous moonshine". Previously, the groups Γ 0 (N ) + were studied in [Hel66] where it was proved that if a subgroup G ⊆ SL 2 (R) is commensurable with SL 2 (Z), then there exists a square-free, non-negative integer N such that G is a subgroup of Γ 0 (N ) + . We also refer to page 27 of [Sh71] where the groups Γ 0 (N ) + are cited as examples of groups which are commensurable with SL 2 (Z) but non necessarily conjugate to a subgroup of SL 2 (Z). Let {±Id} denote the set of two elements consisting of the identity matrix Id and its product with −1. In general, if Γ is a subgroup of SL 2 (R), we let Γ := Γ/{±Id} denote its projection into PSL 2 (R).
Holomorphic Eisenstein series
Following [Se73] , we define a weakly modular form f of weight 2k for k ≥ 1 associated to Γ to be a function f which is meromorphic on H and satisfies the transformation property
Let Γ be a Fuchsian group of the first kind that has at least one class of parabolic elements. By rescaling, if necessary, we may always assume that the parabolic subgroup of Γ has a fixed point at ∞, with identity scaling matrix. In this situation, any weakly modular form f will satisfy the relation f (z + 1) = f (z), so we can write
If a n = 0 for all n < 0, then f is said to be holomorphic at the cusp at ∞. A holomorphic modular form with respect to Γ is a weakly modular form which is holomorphic on H and in all of the cusps of Γ. Examples of holomorphic modular forms are the holomorphic Eisenstein series, which are defined as follows. Let Γ ∞ denote the subgroup of Γ which stabilizes the cusp at ∞. For k ≥ 2, let
It is elementary to show that the series on the right-hand side of (9) is absolutely convergent for all integers k ≥ 2 and defines a holomorphic modular form of weight 2k with respect to Γ. Furthermore, the series E 2k,Γ is bounded and non-vanishing at cusps and such that
where B 2k denotes the 2k−th Bernoulli number and σ l is the generalized divisor function, which is defined by
On the full modular surface, there is no weight 2 holomorphic modular form. Consider, however, the function E 2 (z) defined by its q-expansion
which transforms according to the formula
It is elementary to show that for a prime p, the function
is a weight 2 holomorphic form associated to the congruence subgroup Γ 0 (p) of PSL 2 (Z). The q−expansion of E 2,p is
When Γ = Γ + 0 (N ), we denote the forms E 2k,Γ
2k (z) may be expressed as a linear combination of forms E 2k (z), with dilated arguments, namely
Scattering matrices
Assume that the surface M has p Γ cusps, we let P j with j = 1, . . . , p Γ denote the individual cusps. Denote by φ jk , with j, k = 1, . . . , p Γ , the entries of the hyperbolic scattering matrix Φ M (s) which are computed from the constant terms in the Fourier expansion of the parabolic Eisenstein series E par Pj (z, s) associated to cusp P j in an expansion in the cusp P k . For all j, k = 1, . . . , p Γ , each function φ jk has a simple pole at s = 1 with residue equal to 1/ Vol hyp (M ). Furthermore, φ jk has a Laurent series expansion at s = 1 which we write as
After a slight renormalization and trivial generalization, Theorem 3-1 from [Go73] asserts that the parabolic Eisenstein series E par Pj (z, s) admits the Laurent expansion
as s → 1, for j = 1, . . . , p Γ . As the notation suggestions, the function η Pj (z) is a holomorphic form for Γ and is a generalization of the classical eta function for the full modular group. To be precise, η Pj (z) is an automorphic form corresponding to the multiplier system v(σ) = exp(iπS Γ,j (σ)), where S Γ,j (σ) is a generalization of a Dedekind sum attached to a cusp P j for each j = 1, . . . , p Γ of M , meaning a real number uniquely determined for every σ = ( * * c d ) ∈ Γ which satisfies the relation
The coefficient f j (z) multiplying (s − 1) in formula (14) is a certain function, whose behavior is not of interest to us in this paper. This term would probably yield to a definition of generalized Dedekind sums; see, for example, [Ta86] . Finally, let us set the notation
for the coefficients in the Laurent expansion of φ jk near s = 0. Note that the form of this expansion is justified by the assumption made in subsection 1.4.
Kronecker's limit formula for parabolic Eisenstein series
In this section we will re-write the Kronecker limit formula for the parabolic Eisenstein series as an expression involving the Laurent expansion near s = 0. We begin with the following lemma which states certain relations amongst coefficients appearing in (13) and (15). To repeat, we assume that each parabolic Eisenstein series E par Pj (z, s) is holomorphic at s = 0.
Lemma 1. With the notation in (13) and (15), we have, for each k, l = 1, . . . , p Γ , the following relations:
where δ kl is the Kronecker symbol. 
Proof. The result is a straightforward computation based on the functional equation
together with the expansions (14) and (15).
In the case when p Γ = 1, the relations (16) through (18) and Proposition 2 become particularly simple and yield an elegant statement. As is standard, the cusp is normalized to be at ∞, and the associated Eisenstein series, eta function, scattering coefficients, etc. are written with the subscript ∞. Example 5. In the case when Γ is the group Γ 0 (N ), for a positive integer N , the corresponding quotient space M N := Γ 0 (N )\H has many cusps. Using a standard fundamental domain, M N has cusps at ∞, at 0 and, in the case when N is not prime, at the rational points 1/v, where v | N is such that (v, N v ) = 1, where (·, ·) stands for the greatest common divisor. As in the above example, let use the subscript ∞ to denote data associated to the cusp at ∞. In particular, the automorphic form η ∞ in the example under consideration was explicitly computed in [Va96] , where it is proved that
where ϕ(N ) is the Euler ϕ−function and µ denotes the Möbius function. In the case of other cusps P k , the automorphic form η P k was also computed in [Va96] , but the expressions are more involved so we omit repeating the formulas here. Also, for the cusp at ∞ and the principal congruence subgroup Γ(N ), the eta-function is computed in Theorem 1, page 405 of [Ta86] .
Kronecker's limit formula for elliptic Eisenstein series
The function H Γ (z, w), defined in (3) is called the elliptic Kronecker limit function at w. It satisfies the transformation rule
where ε w (γ) ∈ C is a constant of absolute value 1, independent of z and
see [vP10] , Proposition 6.1.2., or [vP15] . Since H Γ (z, w), as a function of z, is finite and non-zero at the cusp P 1 = ∞, we may re-scale the function and assume, without lost of generality, that H Γ (z, w) is real at the cusp ∞.
We begin by studying the asymptotic behavior of H Γ (σ P l z, w) as y = Im(z) → ∞, for l = 1, . . . , p Γ .
Proposition 6. For any cusp P l , with l = 1, . . . , p Γ , let
Then there exists a constant a w,P l ∈ C of modulus one such that
where
is the scaling matrix for a cusp P l and C w is defined by (22).
Proof. The proof closely follows the proof of [vP10] , Proposition 6.2.2. when combined with the Taylor series expansion (19) of the parabolic Eisenstein series at s = 0. For the convenience of the reader, we now present the complete argument. Combining the equation (3) with the proof of Proposition 6.1.1 from [vP10] , taking e j = w, we can write
where the function K w (z) can be expressed as the sum of two terms: A term F w (z) arising from the spectral expansion and a term G w (z) which can be expressed as the sum over the group. Furthermore, for z ∈ H such that Im z > Im(γw) for all γ ∈ Γ the parabolic Fourier expansion of
with coefficients b m,w,P l (y) given by
Since the hyperbolic Laplacian is SL 2 −invariant, we easily generalize computations from p. 128 of [vP10] to deduce that
(A m;w,P l e(mz) + A m;w,P l e(−mz)),
for some constants A w,P l , B w,P l ∈ R and complex constants A m;w,P l . Let us introduce the notation
from which one immediately can write
When employing (25), we can re-write (3) as
as s → 0, where
As in [vP10] , pp. 129-130, we use the functional equation of the parabolic Eisenstein series and consider the constant term in the Fourier series expansion, as a function of z, of the function
(28) The constant term is given by
Recall the expansions
Γ(s)
= s 1 + γs + O(s 2 ) , and (2y)
which hold when s → 0, where, as usual, γ denotes the Euler constant. When combining these expressions with (13), we can write the asymptotic expansions near s = 0 of the constant term in the Fourier series expansion of (28) as
Let us now compute the first two terms in the Taylor series expansion at s = 0 of the expression
By applying (19), we conclude that the constant term in the Taylor series expansion of (32) is
Applying relations (16) and (17) we then obtain, by manipulation of the sums, that the constant term in (32) is equal to −1/ Vol hyp (M ). The factor multiplying s is equal to Therefore, the factor multiplying s in the Taylor series expansion of (32) is equal to
Inserting this into (31) we see that the constant term in the Fourier series expansion of (28) is given by
as s → 0. Comparing this result with the right-hand side of formula (26), having in mind the definition of the number C w , we immediately deduce that A w,P l = 0, B w,P l = −C w 2 − log 2 + log η
where the function f w,P l is defined by (24). From (24) we deduce that
as Im(z) → ∞. Therefore,
and the proof is complete.
Example 7. Moonshine groups. Let N = p 1 · . . . · p r be a squarefree number. Let X N = Γ 0 (N ) + \ H. The surface X N possesses one cusp at ∞ with identity scaling matrix. The scattering determinant ϕ N associated to the only cusp of X N at ∞ is computed in [JST14] , where it was shown that 
as well as
Multiplying expansions (33) and (34) and using that
which was proved in [JST14a] , we arrive at the expression
With this formula, Proposition 6, and Example 4 we conclude that the elliptic Kronecker limit function
(z, w) associated to the point w ∈ X N may we written as
where a N,w is a complex constant of modulus one and
Example 8. Congruence subgroups of prime level. Let M p = Γ 0 (p) \ H, where p is a prime. The surface M p has two cusps, at ∞ and 0. The scaling matrix for the cusp at ∞ is identity matrix. The scattering matrix in this setting is computed in [He83] and is given by
Using the expansions (33) and (34), together with Vol hyp (M p ) = π(p + 1)/3 and the expansion
we conclude that the coefficients β 11 and β 22 in the Laurent series expansion (13) are given by
Therefore, from Proposition 6, when applied to the cusp at ∞, and Example 5, we conclude that the elliptic Kronecker limit function H p (z, w) := H Γ0(p) (z, w) associated to the point w ∈ M p can be written as
where a p,w is a complex constant of modulus one and
with C := log(8π 2 ) + 24ζ ′ (−1).
A factorization theorem
In (4) and (5) one has an evaluation of the elliptic Kronecker limit function in the special case when Γ = PSL 2 (Z) and w = i or w = ρ = exp(2πi/3) are the elliptic fixed points of PSL 2 (Z).
The following theorem generalizes these results.
Theorem 9. Let M = Γ \ H be a finite volume Riemann surface with at least one cusp, which we assume to be at ∞ with identity scaling matrix. Let k be a fixed positive integer such that there exists a weight 2k holomorphic form f 2k on M which is non-vanishing in all cusps and with q−expansion at ∞ given by
Let Z(f 2k ) denote the set of all zeros f 2k counted according to their multiplicities and let us define the function
where, as above, H Γ (z, w) is the elliptic Kronecker limit function. Then there exists a complex constant c f 2k such that
where B w,∞ is defined in (23).
Proof. Assume that f 2k possesses m + l ≥ 1 zeroes on M , where m zeros are at the elliptic points e j of M , j = 1, . . . , m, and l zeroes are at the non-elliptic points w i ∈ M ; of course, all zeroes are counted with multiplicities. Then H f 2k (z) is a holomorphic function on M which is vanishing if and only if z ∈ Z(f 2k ) and which according to (21) satisfies the transformation rule
where ε f 2k (γ) is a constant of modulus one and
The classical Riemann-Roch theorem relates the number of zeros of a holomorphic form to its weight and the genus of M in the case M is smooth and compact. A generalization of the relation follows from Proposition 7, page II-7, of [SCM66] which, in the case under consideration, yields the formula
where E N denotes the set of elliptic points in M , n e is the order of the elliptic point e ∈ E N and v z (f ) denotes the order of the zero z of f . Since Z(f 2k ) is the set of all vanishing points of f 2k , formula (38) implies that
hence C f 2k = 2k. In other words, H f 2k (z) is a holomorphic function on M , vanishing if and only if z ∈ Z(f 2k ) and satisfying transformation rule
By Proposition 6, we have that for any w ∈ Z(f 2k ) and any cusp P l of M , with l = 1, . . . , p Γ , the function
is a non-vanishing holomorphic function on M , bounded and non-zero at the cusp at ∞ and has at most polynomial growth in any other cusp of M . Therefore, the function log |F f 2k (z)| is harmonic on M whose growth in any cusp is such that log |F f 2k (z)| is L 2 on M . As a result, log |F f 2k (z)| admits a spectral expansion; see [He83] or [Iwa02] . Since log |F f 2k (z)| is harmonic, one can use integration by parts to show that log |F f 2k (z)| is orthogonal to any eigenfunction of the Laplacian. Therefore, from the spectral expansion, one concludes that log |F f 2k (z)| is constant, hence so is F f 2k (z). The evaluation of the constant is obtained by considering the limiting behavior as z approaches ∞. With all this, the proof of (37) is complete.
6 Examples of factorization 6.1 An arbitrary surface with one cusp
In the case when a surface M has one cusp, we get the following special case of Theorem 9.
Corollary 10. Let M = Γ\H be a finite volume Riemann surface with one cusp, which we assume to be at ∞ with identity scaling matrix. Then the weight 2k holomorphic Eisenstein series E 2k,Γ defined in (9) can be represented as
where a E 2k,Γ is a complex constant of modulus one and
As before, η ∞ is the parabolic Kronecker limit function defined in section 3, formula (14), and β M is the constant term in the Laurent series expansion of the scattering determinant on M .
In this case, due to a very simple form of the Kronecker limit formula for parabolic Eisenstein series as s → 0, the factorization theorem yields an interesting form of the Kronecker limit formula for elliptic Eisenstein series, which we state as the following proposition.
Proposition 11. Let M = Γ \ H be a finite volume Riemann surface with one cusp, which we assume to be at ∞ with identity scaling matrix. Let k be a fixed positive integer such that there exists a weight 2k holomorphic form f 2k on M with q−expansion at ∞ given by (36). Then
as s → 0, where Z(f 2k ) denotes the set of all zeros of f 2k counted with multiplicities.
Proof. We start with formula (3), which we divide by ord(w), and take the sum over all w ∈ Z(f 2k ) to get (40) as s → 0, where C w and h w are defined by (22) and (27) respectively. One now expands the second term on the left hand side of (40) into a Taylor series at s = 0 by applying formulas (29), (30), (20) and (14). After multiplication, we get, as s → 0, the expression
as s → 0. Theorem 9 yields that
where B w,∞ is defined by (23) for the cusp P l = ∞. Finally, from formula (38), we get that
Therefore, by inserting (23), (42) and (41) and into (40), we immediately deduce (39). The proof is complete.
Remark 12. In the case Γ = PSL 2 (Z), the parabolic Kronecker limit function is given by η ∞ (z) = η(z) = ∆(z) 1/24 . Then, for k = 3 and f 2k = E 6 , we have b E6 = 1 and Z(E 6 ) = {i}, hence Proposition 11 yields (6). Analoguously, for k = 2 and f 2k = E 4 , we have b E4 = 1 and Z(E 4 ) = {ρ}, and Proposition 11 gives (7). Furthermore (see [vP10] , p. 131), we have B E6,Γ = exp(B i ) and B E4,Γ = exp(B ρ ), where B i and B ρ are given by (4) and (5) respectively.
Let us now develop further examples of a surfaces with one cusp and explicitly compute the constant B E 2k,Γ in these special cases.
Moonshine groups of square-free level
Example 13. Consider the surface X 2 . There exists one elliptic point of order two, e 1 = i/ √ 2, and one elliptic point of order four, e 2 = 1/2 + i/2. The surface X 2 has genus zero and one cusp, hence Vol hyp (X 2 ) = π/2. The transformation rule for E (2) 6 implies that the form must vanish at the points e 1 and e 2 . Furthermore, formula (38) when applied to X 2 becomes
Taking k = 3, we conclude that e 1 and e 2 are the only vanishing points of E (2) 6
and the order of vanishing is one at each point. Therefore, in the notation of Theorem 9 and Example 7, we have that the form H (2)
(z) is given by H (2) 6 (z) := H 2 (z, e 1 )H 2 (z, e 2 ). Assuming that the phase of H (2) 6 (z) is such that it attains real values at the cusp ∞, we have that
where the absolute value of the constant C 2,6 is given by |C 2,6 | = e B2,e 1 +B2,e 2 with
Let us now consider the case when k = 2. From (43), we have that only e 1 and e 2 can be vanishing points of E
4 . However, there are two possibilities: Either e 2 is an order two vanishing point, and E (2) 4 (z) = 0 for all z = e 2 in a fundamental domain F 2 of X 2 , or e 1 is an order one vanishing point and E 4 (z) would be a weight 2 holomorphic modular form which vanishes only at e 2 , which is not possible since there is no weight two modular form on X N for any squarefree N such that the surface X N has genus zero; see [JST15] . Therefore, E (2) 4
vanishes at e 2 of order two, and there are no other vanishing points of E (2) 4 on X 2 .
Hence, in the notation of Theorem 9, we have H
2 , implying that
where |C 2,4 | = e 2B2,e 2 . This proves that H 2 (z, e 2 ) 2 is a weight four holomorphic modular function on Γ 0 (2) + . If we combine (44) with (45) we get
4 (z) ; in other words, H 2 (z, e 1 ) 2 is a weight eight holomorphic modular function on Γ 0 (2) + .
Furthermore, application of Proposition 11 with f 2k = E (2) 4
and Z f 2k = {e 2 } (with multiplicity two) together with Example 4 and the representation formula (12) yield (8).
By applying Proposition 11 with f 2k = E (2) 6
and Z f 2k = {e 1 , e 2 } together with formula (8) we get the elliptic Kronecker limit formula for E ell e1 (z, s)
Example 14. Consider the surface X 5 . There exist three order two elliptic elements, namely e 1 = i/ √ 5, e 2 = 2/5 + i/5, and e 3 = 1/2 + i/(2 √ 5). The surface X 5 has genus zero and one cusp, hence Vol hyp (X 5 ) = π. Using the transformation rule for E (5) 6 , one concludes that the holomorphic form E (5) 6 must vanish at e 1 , e 2 and e 3 . By the dimension formula (38), one sees that e 1 , e 2 and e 3 are the only zeros of E (5) 6 . Theorem 9 then implies that
where the absolute value of the constant C 5,6 is given by |C 5 | = e B5,e 1 +B5,e 2 +B5,e 3 and One can view (46) as analogue of the Jacobi triple product formula.
Remark 15. Let N = p 1 · . . . · p r be a squarefree number. Then the surface X N has one cusp. Numerous results are known concerning the topological structure of X N ; see, for example, [Cum04] and references therein. As a consequence, one can develop a number of results similar to the above examples when N = 2 or N = 5. In particular, Theorem 9 holds, so one can factor any holomorphic Eisenstein series E
2k of weight 2k into a product of elliptic Kronecker limit functions, up to a factor of modulus one.
Congruence subgroups of prime level
Consider the surface M p for a prime p. The smallest positive integer k such that there exists a weight 2k holomorphic form is k = 1. As a result, we have the following corollary of Theorem 9.
Corollary 16. Let f 2k,p denote weight 2k ≥ 2 holomorphic form on the surface M p = Γ 0 (p) \ H bounded at cusps and such that the constant term in its q−expansion is equal to b f 2k ,p . Then, Let us now compute the constants B f 2k ,p for two cases.
Example 17. If p = 2, then the surface M 2 has only one elliptic point, e = 1/2 + i/2, which has order two. Furthermore, Vol hyp (M p ) = π, hence formula (38) with k = 1 implies that the holomorphic form E 2,2 defined by (10) with p = 2 vanishes only at e, and the vanishing is to order one. From the q−expansion (11) we have that b E2,2,2 = 2 − 1 = 1. Since C e = 1, we get E 2,2 (z) = a 2 · 1 16 3 √ 4 π 2 exp(−24ζ ′ (−1)) η(1/2 + i/2) η(1 + i) 2 H 2 (z, e),
for some complex constant a 2 of modulus one. In other words, the elliptic Kronecker limit function H 2 (z, e) is a weight two modular form on Γ 0 (2).
Example 18. If p = 3, then the surface M 3 has only one elliptic point e = 1/2 + √ 3i/6, which has order three. The volume of the surface M 3 is 4π/3, hence formula (38) with k = 1 implies that the holomorphic form E 2,3 vanishes only at e, of order two. Furthermore, b E2,2,2 = 2 and C e = 1/2, so then for some complex constant a 3 of modulus one.
which needs to be considered in the correct sense as a holomorphic form on M . One can then express c f 2k in terms of the first non-zero coefficient of f 2k about a point z ∈ Z(f 2k ), a product of the forms H f 2k (z, w) for two different points in Z(f 2k ) and H Γ (z). Such formulae could be quite interesting in various cases of arithmetic interest. We will leave the development of such identities for future investigation.
Factorization for surfaces with more than one cusp
It is evident that one can generalize Theorem 9 to the case when the holomorphic form f 2k vanishes in a cusp, or several cusps. In such an instance, one includes factors of the parabolic Kronecker limit function in the construction of H f 2k . The parabolic Kronecker limit function is bounded and non-vanishing in any cusp other than the one to which it is associated, and the (fractional) order to which it vanishes follows from Theorem 1 of [Ta86] . As with Theorem 9, one can express any holomorphic modular form as a product of parabolic and elliptic Kronecker limit functions, up to a multiplicative constant. Furthermore, the multiplicative constant can be computed, up to a factor of modulus one, from the value of the various functions at a cusp.
